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1 Introduction 
The Cobb–Douglas type function has long been a staple in Intermediate and Advanced Microeconomics 
classrooms, used heavily as both a utility function and a production function. Additionally, it is often seen 
in Intermediate Macroeconomics as a model for GDP and/or for determining a measure of productivity 
(e.g., see Abel et al. 2024). It has also been commonly used in the Solow–Swan growth model (Solow 
1956; Swan 1956)1 and to model production functions in areas as diverse as baseball (Woolway 1997), 
productivity in historical steel production (Houpt 2013), and modeling output gaps in the European 
Union (EU) economy (Havik et al. 2014).  

Along with the function’s importance in theoretical courses, providing a connection between 
theoretical and empirical economics is crucial in an era seemingly dominated by data analytics. Many 
students fail to make the connection between the Cobb–Douglas type function seen in theoretical courses 
and the log-log regressions they do in their econometrics courses. This teaching note is designed to help 
instructors in the Intermediate Micro or Macro classroom briefly discuss the history and desirable 
characteristics of the function, work with the original data Charles Cobb and Paul Douglas (1928) used in 
their paper nearly 100 years ago, recreate their original estimation using R software, and discuss some 
potential criticisms of the regression that was performed.  

 
1 For an accessible overview, see Dixon (2006). 

Methods 

Abstract 
The Cobb–Douglas production function is a staple of economics education, yet students rarely learn 
about its origins or empirical roots. While undergraduate courses typically focus on its analytical 
properties, it is important to highlight that Cobb and Douglas’s key contribution was empirical: They 
estimated the function’s parameters using data. As many economics programs increasingly emphasize 
empirical modeling in response to the data analytics boom, connecting theory with data is more 
important than ever. This resource supports instructors of Intermediate Microeconomics and 
Macroeconomics in contextualizing the Cobb–Douglas function—its historical development, theoretical 
features, and empirical estimation. We briefly explore why economists were interested in such a 
function more than a century ago, clarify the contributions of Cobb and Douglas (and others), and 
illustrate how they estimated the parameters with their data. To help bring this history into the 
classroom, we provide annotated R code that enables faculty and students to access Cobb and 
Douglas’s original data through R or RStudio Cloud. The code includes tools for estimating the 
function’s coefficients, generating visualizations, and conducting specification and robustness checks. 
By integrating historical insight with modern data tools, this resource helps bridge the gap between 
economic theory and empirical practice. 
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In addition to adding empirics into theoretical courses, the information summarized in this paper 
could be used to bring more economic theory into an Introductory Econometrics course. With the rise of 
data science, there is an increased need to add statistics and coding in the Business & Economics 
curriculum. However, economists should continue to emphasize the important grounding that theory 
provides in empirical work, which adds value to economics graduates. This is an important distinction 
between econometrics as opposed to data science, where modeling often proceeds without any 
theoretical basis. 

Therefore, as we discuss the Cobb–Douglas function in our intermediate-level theory courses, we 
ought to take at least a few minutes to discuss questions such as 

(1) Where did the Cobb–Douglas function come from? 
(2) How do we know when the Cobb–Douglas is the right (or at least a right) function to use?  
(3) Where do we get the parameters to use in these functions? 

In the remainder of this paper, we will explore some answers to these questions. In each section, 
we try to provide a little “too much” detail, which will allow instructors to focus on the various pieces of 
the Cobb–Douglas story appropriate for their courses. After discussing the historical impetus for the 
Cobb–Douglas function and discussing some of its important characteristics, we provide code and data to 
recreate Cobb and Douglas’s original estimates using R, along with a YouTube video guiding those less 
familiar with the R language through the empirical process, or to allow students explore on their own. 

2 Cobb–Douglas Production, A Brief Historical Overview 
Rather than beginning with an abstract discussion of the function itself, let us go through a brief overview 
of why this function proved so interesting at the time, and discuss its origins. In brief, it was capable of 
capturing several important stylized facts and theoretical insights that arose during the development of 
production and distribution theory in a relatively simple functional form.  

2.1 Why Such a Function Made Sense 
Around the turn of the twentieth century, developments in the general marginal productivity theory of 
production and distribution, along with the systematic collection and analysis of macroeconomic data 
produced several “stylized facts” about production:2 A stylized fact that had been noticed by many 
economists (including Douglas, but also Kaldor, Keynes, and many others) is that it appeared that the 
share of national income earned by labor was incredibly stable over time. Keynes (1939, pp. 47–48) 
described it this way: 

A well-known statistical phenomenon which ought to have put me on my guard confirms 
the probability of constant or diminishing, rather than increasing, profit per unit of output 
when output increases. I mean the stability of the proportion of the national dividend 
accruing to labour, irrespective apparently of the level of output as a whole and of the 
phase of the trade cycle. This is one of the most surprising, yet best-established, facts in the 
whole range of economic statistics, both for Great Britain and for the United States.  

Kaldor (1957, pp. 591–592) summarized the evidence in this way:  

The share of wages and the share of profits in the national income has shown a remarkable 
constancy in “developed” capitalist economies of the United States and the United Kingdom 
since the second half of the nineteenth century.* *(Footnote in original) For the United 

 
2 See Stigler (1941) for an excellent treatise on this subject.  
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Kingdom the share of wages has shown only small variations around the level of 40% of the 
national income in the period 1840-1950. (Phelps Brown and Hart 1952). In the United 
States the share of wages and salaries remained constant at around 60% of the national 
income up to about 1929, and has since shown a rising trend, mounting to 69% in the post-
war decade. 

However, there were dissenting views on just how constant this proportion actually was (see, e.g., 
Solow 1958), and a trend seen in more recent decades is that labor’s share of GDP has fallen quite a bit, 
back down to around the 60 percent level in 2022 in the US, with most world economies seeing similar 
declines (see Karabarbounis 2024 for an excellent presentation). 

The quote from Keynes above hints at our next stylized fact: That production functions for firms 
with globally decreasing or increasing returns to scale did not make much sense. If globally decreasing, 
then specialization and the development of firms would never take place. If globally increasing, then we 
should often observe natural monopolies. Therefore, much of the theoretical literature of the past and 
present assumes that constant returns to scale will predominate. 

If we assume that production functions do exhibit constant returns to scale, then Stylized Facts 1 
and 2 neatly agree with the theoretical result that “the shares of product of the various productive factors 
must be proportional to the partial derivatives of the above-mentioned production function with respect 
to the factor in question as variable” (Wicksell 1893, as described by Stigler 1941, p. 295).  

Now we will discuss how the Cobb–Douglas function neatly fits these facts. 

2.2 How the Cobb–Douglas Function Fits the Stylized Facts 
In general, we may write the Cobb–Douglas function as 
 
(1) 𝑄 = 𝑐𝐿𝛼𝐾𝛽 . 

2.2.1 Returns to Scale 
The general form of the Cobb–Douglas Function in Equation (1) allows for increasing, decreasing, or 
constant returns to scale, depending on whether the sum of the exponents (𝛼 + 𝛽) is greater than, equal 
to, or less than one, respectively. This can be shown as follows: Multiply both inputs by a factor of 𝑧 > 1, 
and determine what happens to output: 
 

(2) 𝑐(𝑧𝐿)𝛼(𝑧𝐾)𝛽 = 𝑧𝛼𝑧𝛽𝑐𝐿𝛼𝐾𝛽 = 𝑧(𝛼+β)𝑐𝐿𝛼𝐾𝛽 = 𝑧(𝛼+β)𝑄. 
 

Since 𝑧 > 1, when (𝛼 + β)>
=
<

1, 𝑧(𝛼+β) will be >
=
<

 𝑧. 
If we change the equation to take Stylized Fact 2 (Constant Returns to Scale) into account, then we 

must constrain 𝛼 + 𝛽 = 1 as Cobb and Douglas did,3 which we could write as 
 

(3) 𝑄 = 𝑐𝐿𝛼𝐾(1−𝛼). 
 
There are several other key properties of the Cobb–Douglas function that made it a useful modeling tool 
in economics, some of which have already been mentioned. Let us develop some of these with a bit more 
detail, making the explicit connection between the stylized facts above, and some other common ideas 
from marginal analysis and competitive markets.  

 
3 In the original 1928 paper, Cobb and Douglas write the function as 𝑃 = 𝑏𝐿𝑘𝐶1−𝑘 . We follow more modern convention as to 
avoid confusion, where P and C often represent price and cost, and K often represents capital. 
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2.2.2 Homogeneous of Degree One 
Mathematically, a function 𝐹(𝐾, 𝐿) is said to be homogeneous of degree 1 (i.e., linearly homogeneous) if  
 
(4) 𝐹(𝑧𝐾, 𝑧𝐿) = 𝑧1𝐹(𝐾, 𝐿), 
 
where 𝑧1 simply represents 𝑧 to the first power. In economics, this is equivalent to saying that the 
production function 𝐹(𝐾, 𝐿) exhibits “constant returns to scale,” where multiplying all inputs by a 
constant 𝑧 also increases output by a factor of 𝑧. For the sake of completeness, for the “constrained” 
Cobb–Douglas equation in Equation (3):  
 

(5) 𝑐(𝑧𝐿)𝛼(𝑧𝐾)(1−𝛼) = 𝑧𝛼𝑧(1−𝛼)𝑐𝐿𝛼𝐾(1−𝛼) = 𝑧1𝑐𝐿𝛼𝐾(1−𝛼) = 𝑧𝑄. 
 
As we will see shortly, this will become important when we discuss Euler’s Theorem. 

2.2.3 Marginal Product Equations 
Recall that the standard marginal theory predicts that in competitive markets, each unit of labor and 
capital will be paid an amount equal to the value of their marginal products. Using the constant returns to 
scale version of the function in Equation (3), we can derive the marginal product of labor (𝜕𝑄/𝜕𝐿): 
 

(6) 𝑀𝑃𝐿 =
𝛼[𝑐𝐿𝛼𝐾(1−𝛼)]

𝐿
. 

 
However, recognizing that the terms in the square brackets are simply 𝑄, we can more simply write the 
marginal product of labor (and similarly, of capital) as  
 

(7) 𝑀𝑃𝐿 = 𝛼
𝑄

𝐿
, 𝑀𝑃𝐾 = (1 − 𝛼)

𝑄

𝐾
. 

2.2.4 Euler’s Theorem and Constant Shares 
Euler’s theorem says that if 𝑄(𝐾, 𝐿) is homogeneous of degree 1, then  
 

(8) 𝑄(𝐾, 𝐿) =
𝜕𝑄

𝜕𝐿
∙ 𝐿 +

𝜕𝑄

𝜕𝐾
∙ 𝐾, 

 
or, in economic terminology,  
 
(9) 𝑄 = 𝑀𝑃𝐿 ∙ 𝐿 + 𝑀𝑃𝐾 ∙ 𝐾. 
 
If we combine Equation (8) with Equation (7), we get 
 

(10) 𝑄 = 𝛼
𝑄

𝐿
∙ 𝐿 + (1 − 𝛼)

𝑄

𝐾
∙ 𝐾, or 

 
(11) 𝑄 = 𝛼𝑐𝑄 + (1 − 𝛼)𝑐𝑄. 

 
In other words, the exponents on the Cobb–Douglas production function tell us the “share” of the 

total output that will be “earned” by each factor of production, in a competitive market. This gives some 
insight into Stylized Fact 1 that labor’s share of GDP appears to be somewhat constant over time and can 
be readily seen as 𝛼, the exponent on the quantity of labor in the equation. In theory, this should also 
allow one to work backwards: If one knows the share of GDP that accrues to labor, then one also knows 
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the exponents in the Cobb–Douglas equation.4 This seems to be the approach taken by Abel et al. (2024, 
Section 3.1), where they use 𝑄 = 𝑐𝐿0.7𝐾0.3as a model for GDP in the US, which assumes that labor’s share 
of income is 70 percent of GDP. However, as previously mentioned, a steadily decreasing trend in labor 
share makes this figure quite different from recent estimates from Karabarbounis (2024), which suggest 
that labor’s share in the US is closer to 60 percent in 2022. This is very similar to the EU, where labor’s 
share stood at around 61 percent in 2022 (Bodnár and Mohr 2023). Thus, 𝑄 = 𝑐𝐿0.6𝐾0.4 would be a more 
appropriate model for both economies currently. 

2.3 Other Interesting Features 
Zero Input Implies Zero Output: A feature that makes sense (but is not necessarily true of all functional 
forms used in production modeling) is that if both inputs equal zero, output will be zero. Additionally, for 
the Cobb–Douglas function, if either input is zero, then output is also zero—Neither labor nor capital can 
work by themselves.  

Marginal Product and K/L Ratios: Another interesting feature of the Cobb–Douglas production 
function is that the marginal product functions only depend on the ratio of capital and labor, but not on 
their levels. This can be seen by rewriting Equation (6) for 𝑀𝑃𝐿 , and doing similarly for 𝑀𝑃𝐾: 

 

(12) 𝑀𝑃𝐿 =
𝛼[𝑐𝐿𝛼𝐾(1−𝛼)]

𝐿
= 𝛼 (

𝐾

𝐿
)

1−𝛼

, 𝑀𝑃𝐾 = (1 − 𝛼) (
𝐾

𝐿
)

−𝛼

. 

 
A related property is homotheticity (i.e., the Cobb–Douglas Function is homothetic). This means 

that the slope of isoquants is constant along any ray from the origin. Because of this, as long as input 
prices remain constant (or in the same ratio), the expansion path will fall on a ray from the origin (a 
linear expansion path). The Cobb–Douglas function is homothetic regardless of whether it has constant 
returns to scale or not (see, e.g., Silberberg and Suen 2000, pp. 60–61).  

Constant Elasticity of Substitution (𝜎 = 1): Elasticity of substitution is a measurement of how 
easily a firm can substitute between capital and labor as they move along a particular isoquant. Elasticity 
of substitution is  

 

(13) 𝜎 =
%∆𝐾

𝐿

%∆𝑀𝑅𝑇𝑆𝐿,𝐾
, 

 
where 𝑀𝑅𝑇𝑆𝐿,𝐾 is the marginal rate of technical substitution (slope of the isoquant). A 𝜎 = 0 would be 
consistent with a Leontief production function, where inputs are perfect complements and no 
substitutability is possible. A 𝜎 approaching infinity would be for inputs that are perfect complements. 
For the Cobb–Douglas function, 𝜎 = 1, meaning that the capital labor ratio always changes by the same 
percentage as the change in the slope of the isoquant. Since this is a fairly strong assumption, this is a 
weakness of the Cobb–Douglas as compared to some other production function choices such as the 
Constant Elasticity of Substitution (CES), which allows for other values for elasticity of substitution 
(though constrains it to be constant everywhere). Of course, we should make sure that our students are 
aware that there are many functional forms to choose from, which ought to be selected to balance the 
desired characteristics and their simplicity. Griffin et al. (1987, Table 1) provides a good reference, 
introducing students to a list of 20 common functional forms, with the maintained hypotheses for each 
and their relationships to one another. 

 
4 Of course, this requires us to assume that the Cobb–Douglas function is the correct production function for the economy.  
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2.4 Primal Versus Dual Forms 
The majority of the theoretical and empirical work involving the Cobb–Douglas function uses the form 
that we have been discussing, the so-called “primal form.” This form is designed to show the maximum 
output that is attainable for given levels of L and K. However, it should be noted that other forms can be 
useful in the classroom as well as in research.  

The “dual form” of a production function is a cost function, which shows the minimum cost to 
produce a given level of output, given the cost of labor (w, for wage) and the rental rate of capital (r). 
Mathematically, this is derived as  

 
(14) 𝑚𝑖𝑛𝐿,𝐾 𝑤𝐿 + 𝑟𝐾  𝑠. 𝑡.  𝑄 = 𝑐𝐿𝛼𝐾𝛽 . 
 
In the simpler case of constant returns to scale, the cost function can be written as 
 

(15) 𝐶(𝑤, 𝑟, 𝑄) =
𝑄

𝑐
(

𝑤

𝛼
)

𝛼

(
𝑟

𝛽
)

𝛽

. 

 
However, the assumption of constant (or increasing) returns to scale can be problematic in many 
environments, because for a given, fixed price, the profit must either be negative, or infinite.5 Therefore, 
research using the dual cost function (or the related profit function) will normally assume decreasing 
returns to scale (e.g., see Lau and Yotopoulos 1971). An excellent discussion of the use of dual forms in 
theoretical and empirical cost and production analysis is given by Liu (2021). 

3 Who Should Get the Credit for “Discovering” the Equation? 
Today, we call the function “Cobb–Douglas” because in 1927 Paul Douglas presented a paper (co-
authored with Charles Cobb) at the American Economic Association Meetings called “A Theory of 
Production;” this paper was published in the Papers and Proceedings of the conference in March 1928. 
This paper described the characteristics of the function, and used data on the amount of labor, capital, 
and volume of manufactured goods in the US to estimate the coefficients of the model using ordinary 
least squares (which we will replicate later). As an aside, Douglas was an economist at the University of 
Chicago, who notably joined the US Marine Corps as a private at the age of 50 to serve in World War II 
and later became a US Senator from 1949 to 1967. Charles Cobb was a mathematician (who did 
economics research as well) at Amherst College who also served as a Captain in the Air Service of the 
Signal Corps during World War I. 

When introducing the function, Cobb and Douglas credit “J.B. Clark, Wicksteed et al.” with this 
“theory” (p. 151), without being precise about exactly what was being credited. In later writings Douglas 
(1948) gave explicit credit to Philip Wicksteed for the invention of the equation. This was later shown to 
be incorrect (see, e.g., Sandelin 1976).6 It seems that Douglas had been thinking of Knut Wicksell, who had 
explicitly used the function several times, beginning in 1896 at the latest in his Finanztheoretische 
Untersuchungen (Financial Theoretical Studies) on page 53: “We therefore set 𝑝 = 𝑐 ∙ ℎ𝑚 ∙ 𝑡𝑛 ∙ 𝜏𝑣 , where 𝑐 
is any constant.” Wicksell was looking for a simple functional form illustrating the idea that “if all 
productive agents are rewarded in accord with their marginal products, then the total product will be 
exactly exhausted” (Stigler 1941, p. 320), which will only occur under constant returns to scale.  

Because of the clear priority of Wicksell in using such a function in analysis, some have suggested 
that we call it the “Wicksell Function” (Olsson 1971). Or, giving credit to earlier theorists who derived 

 
5 This is true for any production function and is not specific to the Cobb–Douglas (Mas-Colell et al. 1995, p. 136). 
6 Though Wicksteed (1894) did work relating to Euler’s Theorem and marginal productivity theory that helped to motivate the 
discovery of a simple function with the characteristics described previously. 
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some of the desirable properties that such a production function ought to possess, or worked with 
analytically compatible functions, some have gone so far as to suggest the “von Thünen-Mill-Pareto-
Wicksell-Cobb-Douglas Function” (Lloyd 2001).  

4 The Data and Analysis 
Cobb and Douglas’s data consiss of 24 years of data in the United States from 1899 to 1922, focused on 
the manufacturing industry. They produced estimates of total fixed capital in real dollars, the number of 
people employed in the manufacturing industry, and the quantity of manufactured goods produced each 
year. All of these variables were converted into indices equal to 100 in 1899 (the base year). This 
conversion to indices does not affect the results, which we will demonstrate later. 

4.1 Algebraic Manipulation for Easier Identification 
In order to use ordinary least squares (OLS) on the Cobb–Douglas function, we need to make it “linear in 
the coefficients” by taking the natural logarithm. Then Equation (1) becomes 
 

(16) ln(𝑄) = ln(𝑐) + 𝛼ln(𝐿) + 𝛽ln(𝐾). 
 

So, if we take the natural logarithms of the variables in the data, the exponents of the Cobb–Douglas 
functions become the coefficients to be estimated in a regression. However, keep in mind that Cobb and 
Douglas originally assumed that the coefficients where 𝛼 + 𝛽 = 1, constraining the production function 
to have constant returns to scale. They desired to estimate the parameters 𝛼 and ln(𝑐) in the equation: 
 

(17) ln(𝑄) = ln(𝑐) + 𝛼ln(𝐿) + (1 − 𝛼)ln(𝐾). 
 
With a bit of algebraic manipulation, we can derive a simple method of enforcing the constraint that the 
two coefficients sum to one using a basic OLS regression. This will also allow us to visualize the data as a 
simple regression in two dimensions. We show the derivation below for ease of sharing with students: 
 

 Distribute (1 − 𝛼)ln(𝐾): 
 

ln(𝑄) = ln(𝑐) + 𝛼ln(𝐿) + ln(𝐾) − 𝛼ln(𝐾) 
 
Subtract ln(𝐾) from both sides: 
 

ln(𝑄) − ln(𝐾) = ln(𝑐) + 𝛼ln(𝐿) + ln(𝐾) − ln(𝐾) − 𝛼ln(𝐾) 
 
Factor out α from 𝛼ln(𝐿) − 𝛼ln(𝐾): 
 

ln(𝑄) − ln(𝐾) = ln(𝑐) + 𝛼[ln(𝐿) − ln(𝐾)] 
 

Subtraction of logs is equivalent to division of the original variables: 
 

(18) ln (
𝑄

𝐾
) = ln(𝑐) + 𝛼ln (

𝐿

𝐾
). 

 

We now have a method of easily estimating 𝛼 and ln(𝑐) by first dividing GDP and the amount of 
labor by the amount of capital, then running a log-log regression. Of course, Q/K is the productivity of 
capital, and L/K is the number of workers per unit of capital. An additional benefit is that we can visualize 
the graph of the regression in two dimensions. 
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4.2 Visualizing the Data 
In Figure 1 we show a scatterplot of the relationship between 𝐿/𝐾 and 𝑄/𝐾 on the left and the same 
relationship of the natural logarithms of the variables on the right. The points are connected with line 
segments to highlight the trend over time. Since both the labor–capital ratio and the productivity of 
capital were decreasing over this time period, we see that the trends move from the top right to the 
bottom left. In the righthand graph we also show the regression line Cobb and Douglas estimated in blue 
[ln(𝑄/𝐾) = 0.01 + 0.75ln(𝐿/𝐾)]. 

 
 

Table 1. Descriptive statistics of Cobb and Douglas’s data, 1899–1922 
industrial production 

Variable N Mean St. Dev. Min. Max. 

Year 24 1,910.50 7.07 1899 1922 

Labor 24 6,877.54 1,398.03 4,713 9,446 

Capital 24 10,418.92 4,731.51 4,449 19,192 

Q (Index) 24 165.92 43.753 100 240 

Labor (Index) 24 145.79 29.62 100 200 

Capital (Index) 24 234.17 106.27 100 431 

Q/K 24 0.77 0.161 0.429 1.000 

L/K 24 0.70 0.189 0.353 1.000 

 

Figure 1. Scatterplots of Cobb and Douglas’s data, 1899–1922 US industrial production 
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In Table 1 we report some descriptive statistics of the data, including the raw values for labor and 
capital, the indices for Q, labor, and capital, and the capital productivity and labor/capital ratios. Cobb 
and Douglas did not provide the raw values for the output data (Q) in their paper. 

4.3 A Few Empirical Results 
All of the following results (and more) can be found by running the freely downloadable R Code discussed 
in Section 5 of this paper (which also downloads the data). Note that Cobb and Douglas did not report 
what we would today consider to be “standard” regression results, instead reporting only the coefficients 
and a correlation between 𝑄𝑖 and 𝑄̂𝑖 (𝑟 = 0.97).  

4.3.1 Modern Regression Results 
In Table 2 we show the results for the regressions using the indices as Cobb and Douglas did (“indices”), 
 

(19) ln (
𝑄𝑖𝑛𝑑𝑒𝑥

𝐾𝑖𝑛𝑑𝑒𝑥
) = ln(𝑐) + 𝛼ln (

𝐿𝑖𝑛𝑑𝑒𝑥

𝐾𝑖𝑛𝑑𝑒𝑥
) 

 
and also using the levels of capital and labor reported in their paper in the explanatory variable for 
comparison (“levels”; Note that the dependent variable, Q, was only reported as an index in their paper, 
so is the same in both regressions): 
 

(20) ln (
𝑄𝑖𝑛𝑑𝑒𝑥

𝐾
) = ln(𝑐) + 𝛼ln (

𝐿

𝐾
) . 

 
We see some small differences in the coefficient estimates of 𝛼 (0.746 vs. 0.748) because Cobb and 

Douglas rounded the indices to whole numbers. An interesting discussion in an empirically focused 
course could explore why the estimate for 𝛼 is the same but the estimates for the intercepts are different 
in these two regressions.  

 

Table 2. Regression results: Comparing Cobb and Douglas’s indices to using the levels  
Variables Used  

Indices Levels  
(1) (2) 

ln(Labor/Capital) 0.746*** 0.748***  
(0.0412) (0.0413)  

t = 18.093  t = 18.082  
p = 0.000 p = 0.000 

Constant 0.01454 −3.82438**  
(0.0199) (0.0181)  

t = 0.728 
p = 0.474 

t = −211.02 
p = 0.000 

Observations 24 24 

R2 0.937 0.937 

Adjusted R2 0.934 0.934 

Residual std. error (df = 22) 0.057 0.057 

F-statistic (df = 1; 22) 327.363*** 326.973*** 
Notes: Standard errors in parentheses. *𝑝 < 0.1; **𝑝 < 0.05; ***𝑝 < 0.01. 
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Thus, we see that the exponent estimate 𝛼̂ ≈ 0.75, and the estimate of ln(𝑐)̂ = 0.0145, so we can 
say that 𝑐̂ = 𝑒0.0145 ≈ 1.01.7 Putting this together into Cobb and Douglas’s final reported result gives 

 
(21) 𝑄 = 1.01𝐿3/4𝐾1/4. 

4.3.2 Empirical Comments and Criticisms 
Biddle discusses some of the contemporary empirical (Biddle 2011) and theoretical (Biddle 2012) 
criticisms of Cobb and Douglas’s work in the years following their publication. Here we briefly mention a 
few more “modern” empirical concerns that might be useful in class discussions around how economists 
normally estimate theoretical parameters using empirical techniques.8 

First of all, using the years 1899–1922 to compute reliable estimates of the exponents of a 
production function for US manufacturing is dubious, given the turbulent state of the US economy and the 
world during this time period. Cobb and Douglas themselves note the “depression years of 1908, 1911, 
1914, 1920, and 1921,” but leave out mention of 1900, 1902–1904, or the post-WWI recession from 
August 1918 to March 1919 (NBER 2024). Additionally, with WWI occurring 1914–1918, the Spanish Flu 
pandemic 1918–1920, and the large depression in the US economy from 1920–1921, there were many 
unusual occurrences during this time period. If these are not controlled for, then 

(1) Since labor is being measured as “number of employees,” cuts in worker hours from say, 45 
hours to 35 hours per week may give biased estimates due to the recessions. 

(2) Additionally, during recessions the entire capital stock may not be utilized.  
(3) The shift toward military production during the war could give misleading results, as capital 

designed for civilian good production may be rapidly (and less efficiently) adapted for use in 
wartime production.  

Secondly, though Cobb and Douglas deserve a lot of credit as true pioneers in the application of 
statistical techniques to economic data (several years before the founding of the Econometric Society and 
Econometrica in 1930 and 1933, respectively), there are many things that modern econometricians 
would handle differently. Let us mention a few for the pedagogical benefit of our students. 

In the modern era we would prefer that authors of a paper such as this would treat the rather 
strong assumption that 𝛼 + 𝛽 = 1 as a testable, rather than a maintained, hypothesis in this analysis. If 
we run an unconstrained regression, 

 
(22) ln(𝑄) = ln(𝑐) + 𝛼ln(𝐿) +  βln(𝐾), 
 
we get the results in Table 3. The estimates are quite close to what we see in the constrained regression 
and their sum is nearly 1; Unsurprisingly, we would fail to reject the restriction with an F-test (𝑝 ≈ 0.66). 

A third category of criticisms relates to the various kinds of bias that comes about from using OLS 
to estimate the parameters of Cobb–Douglas functions. A few specific problems are: 

(1) The “management problems”: Griliches (1957) noted that omitting firm- or manager-specific 
factors can negatively bias the estimates of returns to scale and cause an upward bias of the 
estimate of the capital coefficient because of endogeneity with the included factors of 
production. Mundlak (2001) provides a detailed discussion of some of these problems, and a 
critique of some of the proposed solutions.  

 
7 Though as Goldberger (1968) notes, ec is a positively biased estimator of c.  
8 It should be noted that Mendershausen (1938) mentions many of these same criticisms. 
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(2) The logarithmic transformation causes additional problems. Before the transformation, we 
have to assume that the error term is multiplicative and lognormal with an expected value of 1. 
After taking the logarithm the expected value of the additive error term will be negative, which 
results in a biased estimate of the constant term in the regression (Goldberger 1968). 
Additionally, the systematic part of the estimated equation will correspond to predicting the 
conditional median rather than the conditional mean of production.  

(3) Predicting Q by exponentiating a log value will produce biased predictions; these are more 
problematic when predicting outside the range of the observed data (Kennedy 1983). 

Table 3a. Unconstrained coefficients regression and F-test 

Variable Estimate Std. Err. t p 

Constant  −0.1773  0.1451 5.565 0.00002 

log(Labori)  0.8073 0.0635 3.668 0.00143 

log(Kapitali)  0.2331 0.4343 −0.408 0.68721 

Observations 24     
 

R2 0.9574 
   

Adjusted R2 0.9534 
   

Residual std. error 0.058 (df = 21) 
 

F-statistic 236.122 (df = 2; 21) 
(p = 0.000) 

 

 

Table 3b. Linear hypothesis test 

Model 1: Restricted 𝛼 + 𝛽 = 1; Model 2: Unrestricted 

Model Res. D.F. RSS DF SS F Pr(>F) 

1 22 0.07164     

2 21 0.07098 1 0.00066 0.1956 0.6628 

 

Although there are many additional concerns that could be raised, a final concern that we will 
mention in this paper is that we may want to allow a way for technology or overall productivity to change 
over time. Allowing for such productivity changes, which would likely be increasing over time, would lead 
to a more realistic model. As previously mentioned, this is a primary use of the Cobb–Douglas model in 
Abel et al.’s Macroeconomics (2024), where the exponents are assumed to be constant but the 
multiplicative constant c is allowed to change over time to account for productivity changes. For 
simplicity, let us see what happens if we add a linear time trend into the function, which will have 
nonlinear effects due to the logarithmic dependent variable.  

In Table 4, we see the estimate for the time trend is around 0.0469, which implies an average 
growth rate in total productivity of around 5 percent per year during the period. Interestingly, however, 
this estimation gives a rather large negative but not statistically significant estimate of the exponent for 
capital. Additionally, the sum of the estimated coefficients is no longer close to 1 (0.9060 − 0.5261 =
0.3799). 

For examples of how extensions to the Cobb–Douglas model can capture productivity growth and 
technological changes more appropriately, see, for example, Binswanger (1974), who focuses on how 
technological change biases the shares of various factors of production used, and Hayami and Ruttan 
(1970), who introduce the idea of a “meta-production function,” which posits that though individual 
countries may be constrained in their technological alternatives, that we may econometrically identify an 
outer envelope of all possible production technologies.  
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Table 4. Regression allowing productivity changes over time 

Variable Estimate Std. Err. t p 

Constant   2.8601 1.4024 2.039 0.0548 

log(Labori)  0.9060 0.1397 6.485 2.54E-06 

log(Kapitali) −0.5261   0.3411 −1.542 0.1387 

Time  0.0469 0.0207 2.258 0.0353 

Observations 24     
 

R2 0.966 
   

Adjusted R2 0.961 
   

Residual std. error 0.054  (df = 20) 
 

F-statistic 189.8  (df = 3; 20) (p = 7.36E-15) 
 

 

5 Supplementary Materials 
In the annotated R code that accompanies this paper, we automatically provide access to the data, 
perform the regressions and tests shown in Tables 3 and 4, and also go a bit further with exploring 
various models, dropping outliers, and running a few other basic econometric tests. The easiest way to 
access and run the code is to click this link and create a free account on Posit.cloud. A YouTube playlist 
with brief instruction videos for students and/or faculty walking through the process of using the code is 
available here.  

 

Once you open the project, click on the file “Cobb Douglas.R” at the bottom right (see Figure 2), 
and hit Control + Enter on each line to run the code. If you want to save any changes you make to the code, 

 

Figure 2. Starting analysis with the free Posit.cloud platform 

https://posit.cloud/content/11841327
https://www.youtube.com/playlist?list=PLlnEW8MeJ4z4_kS8qbbdKivUbFDVNmF3U
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or save a copy of the project in your account to play around with later, make sure to click the button that 
says “Save a Permanent Copy.” The free accounts on Posit.cloud can be used for up to 25 hours per month 
at no charge. Alternatively, you can either download the R code from the AEEE Supplementary Materials 
or from this Google Drive link and run it on any R platform that you wish. The code will automatically 
handle downloading and importing the data. 

Below we list an outline of the sections in the code with a brief description of the tasks performed 
in each. Once again, we err on the side of providing “too much” information, allowing instructors to pick 
and choose which parts they find relevant to their courses.  

• Part 1: Install necessary packages, download the Cobb–Douglas Data, and look at the data.  
• Part 2: Make some graphs and run the basic regression. 
• Part 3: Check some standard diagnostic plots for heteroskedasticity, outliers, etc. A Breusch–

Pagan test is performed, and White Correction is done. 
• Part 4: Relaxing the assumption of Constant Returns to Scale and testing the linear restriction. 

We remove two outliers (1921 and 1922) and see some drastic changes in the estimated 
results. 

• Part 5: Adding a time trend to control for productivity growth. 1921 and 1922 are still outliers, 
and when dropped, cause very large changes in estimates, including a statistically significant, 
negative coefficient on capital. 

• Part 6: Exploring serial correlation (Durbin–Watson tests, Cochrane–Orcutt Procedure). 
Though some of the models get some statistically significant Durbin–Watson tests, the 
Cochrane–Orcutt procedure does not change the results very much. 

• Part 7: We look at 1991–2020 data from Abel et al. (2024) to estimate the parameters of a 
Cobb–Douglas function. Using simple estimation methods, we are unable to get estimates of 
the exponents that agree with those used in the textbook. 

• Part 8: Just for fun, we draw a few 3D graphs and a plane of best fit for a linear model.  

6 Conclusion 
In this paper we have provided some historical context for the “discovery” of the Cobb–Douglas function, 
discussed some of the theoretical properties that made the function a prime candidate for use in 
theoretical modeling and empirical work, and demonstrated the estimation method used to estimate the 
coefficients of the model using Cobb and Douglas’s original data. We also provide code that can be used to 
synthesize knowledge gained in students’ Intermediate Macroeconomics, Microeconomics, and 
Econometrics courses, allowing students to estimate these regressions themselves.  

With the emergence of data science/analytics as a growing force in statistical analysis, students of 
economics need the training and experience to promote our approach of model-based analysis as 
opposed to simple curve fitting. Giving them the background knowledge and experience of deriving 
estimates for one of the more common and useful models will help provide useful context for these 
economics majors.  
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